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THE FLOW OF A COMPRESSIBLE FLUID PAST A CIRCULAR ARC PROFILE

By Carrn Karran

SUMMARY

The Ackeret iteration process is utilized to obtain higher ap-
proximations than that of Prandtl and Glauert for the flow jp

compressible fluid past a circular arc profile. The procedure
18 to expand the velocity potential in a power series of the camber
coefficient. The first two terms of the development correspond to

the Prandtl-Qlauert oximation and yield the well-known
correction to the cir won about the profile. The second ap-
proximation, involving the square of the camber coefficient, im-
proves the velocity and pressure fields but yields no new resulis
with regard to circulation, since the circulation about the
profile 18 an odd function of the camber coefficient. The third
approximation, involving the cube of the camber co er-
mals the use of }ngher values of the camber coefficient and fu
more J/wlds an vmprovement to the Prandil-Glavert rule um‘h
regard to the effect of compressibility on the circulation of the
circular arc profile. Numerical examples with tables and
graphs illustrate the results of the analysis.

INTRODUCTION

The calculation of the two-dimensional steady flow of a
compressible fluid past a prescribed body can be performed
by & method independently discovered by Janzen (reference
1) and by Rayleigh (reference 2), which consists in developing
the velocity potential or the stream function according to
powers of the stream Mach number. The first approxima-
tion is the incompressible case and the succeeding approxi-
mations represent the effect of compressibility. The method
has in recent years been successively improved by Poggi
(reference 3), by Imai and Aihara (reference 4), and by the
present author (reference 5). Although the method can be
applied to an arbitrary profile, it suffers from the practical
restriction to small stream Mach numbers, because approxi-
mations beyond the second or third entail a prohibitive
amount of labor.

For the flow past a profile of small thickness, camber, and
angle of attack, Prandtl (reference 8), Glauert (reference 7),
and Ackeret (reference 8) obtained by various means an
approximation that applies to the entire subsonic range of
velocity. The present author (reference 9) extended the
method of Ackeret by an iteration process that takes into
account the effect of thickness and applied the method to a
particular family of symmetrical profiles. In the present
paper, the effect of camber is investigated by a similar ap-
plication of the method of reference 9 to a circular arc
profile. In the application of the method, it is desirable to
avoid stagnation points so that the variation of the local
velocity from that of the undisturbed stream can be made
small. For this reason the direction of the undisturbed
stream is chosen parallel to the chord of the circular arc
(ideal angle of attack) and the circulation about the profile

is determined in accordance with the Kutta condition;
namely, that the flow past the profile leave the trailing edge
tangentially. The flow is symmetrical fore and aft and the
velocity remains finite at all points. The circulation in a
compressible flow will be seen to be an odd function of the
camber coefficient. In order, then, to obtain an improve-
ment of the Prandtl-Glauert rule, it is necessary to carry
the iteration process through three approximations.

THE ITERATION PROCESS

The velocity potential ¢ (X, ¥) of the two-dimensional,
steady, irrotational flow of a compressible fluid satisfies the
following differential equation of the second order:

02 0?
() T —oup 528t (2—) T ()
where
X, Y rectangular Cartesian coordinates in plane of flow
Q¢ o))
U=5"p 0= fluid velocity components along X- and
oX’ 24 -axes, respectlveR
¢ local velocity of sound

The local velocity of sound ¢ is expressed in terms of the
fluid velocity ¢ by means of Bernoulli’s equation

STl g @
the equation defining the velocity of sound
~
= P 3)
and the adiabatic relation between the pressure and the

density
2_(eY
Px_(m> @
In equations (2), (3), and (4),
p static pressure in fluid
p, static pressure in undisturbed stream at infinity
p density of fluid
p1 density of undisturbed stream at infinity
¢ magnitude of velocity of fluid
v adiabatic index (approx. 1.4 for air)
For the adiabatic case, equation (3) yields

—~ P
=7 (5)
By means of equations (4) and (5) Bernoulli’s equation,

equation (2), yields the following relations:
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where

U velocity of undisturbed strenm at infinity
¢, velocity of sound in undisturbed stream at infinity
M; Mach number of undisturbed stream at infinity

Now, if the profile is held fixed in the uniform stream of
velocity U and if & characteristic length & is assumed to be
the unit of length and the stream velocity U is assumed to be
the unit of velocity, the fundamental differential equation (1)
and the first of equations (6) become

(ch—"M‘z"z g%‘21""2"""axazf*'(c2 Ml”ﬂ’) =0 (7)
(13 3 a¢,
oy Lo S 2t [w+n%§’§;

a—a6 S8+ 38 102 1) [0+0 T+a-n Ta e
[(Y'H) 62¢1+(7 D3 bzq‘)l bqbl [(7+1) +(’Y 1)

These differential equations may be put into more familiar
forms by the introduction of a new set of independent vari-
ables z and y, where
=X ‘
(14)
y=pY

and

8= (1 —ﬂ—’llz) 12

TFor Af,<1, equation (11) then becomes a Laplace equation
and equations (12) and (13) become Poisson equations.
Equation (11) replaces the fundamentsal differential equation
(7) for flows that differ only slightly from the undisturbed
stream, and its solution yields the well-known Prandtl-
Glauert result. The solutions of equations (12) and (13)
provide successive improvements in the approximation to
the solution of & compressible-flow problem.

For the present problem, the procedure to be followed in
solving equations (11) to (13) is first to obtain the velocity
potential for the incompressible case in the form of a power
series in the camber coefficient % of the circular are profile.
The solution for the first approximation ¢; of the compressible
flow is then obtained by analogy from the form of the coeffi-
cient of & of the incompressible velocity potential. The solu-
tions of equations (12) and (13) for the second and third
approximations ¢; and ¢; follow by a straight-forward pro-
cedure. The boundary conditions—that the flow be tangen-
tial to the profile and that the disturbance o the main stream
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and
=1—

He'—1) @®

where X, Y, u, v, ¢, and ¢ now denote, respectively, tho
nondimensional quantities X/s, Y /s, u/U, v/U, ¢/U, and ¢/Us.

The iteration process consists in developing the velocity
potential ¢ in powers of a parameter k, the camber of the

)%

circular arc profile. Thus
o=—X—h¢—hip—hPps— - - - ®
and
- 0¢; 3952 O¢s
u=—1—h —-X IL2 —R =5 bX
(10)
_ bdn b¢g O
v= k h’ o SV

When these expressions for ¢, u, and v, together with the
expression for ¢*/e;® given by equation (8), are introduced
into the fundamentel differential equation (7) and when
the coefficients of the various powers of % are equated to
zero, the following differential equations for ¢;, ¢2, ¢s, . . .
Tesult:

0¢, %o o¢, %
+0—1) 3% 57 T2 37 3Xor (12)

) [o—0 S+a+y 3R

O¢1 Oy 0%, , O Oy bd), %,
7 |+2 <‘X€7 X oY T 5y 5X oY oY 0X 0T, )] (13)

vanish at infinity—are satisfied to the same power of the
camber coefficient & that is involved in the approximation
for the velocity potential ¢. The calculations are laborious
when more than two steps in the iteration process are in-
volved but the third step is necessary to obtain results that
extend present-dey knowledge. Most of the details of cal-
culation are given in appendixes in order not to obscure the
presentation of the main results.

RESULTS OF THE ANALYSIS

Expression for the velocity potential.—The choice of the
circular arc as the solid boundary was made for two reasons:
(1) The solution of the incompressible flow can be easily ex-
pressed in a closed form, and (2) when the circular arc is
fixed in & uniform stream flowing in a direction parallel to
the chord and when the Kutte condition—that the flow leave
the trailing edge tangentially—is applied, the velocities at
the nose and the tail are finite and different from zero. No
stagnation points occur, therefore, on the boundary or in the
field of flow and a greater degree of accuracy in the iteration
process is assured. Appendix A contains the calculation of
the incompressible flow past the circular arc profile and ap-
pendixes B, C, and D contain the detailed calculations for
¢1, ¢z, and ¢y, respectively. The final expression for the
velocity potential ¢ takes the following form:

= —cosh £ cos n—hd,—R3ps—R3ds— . . . (15)



THE FLOW OF A COMPRESSIBLE FLUID PAST A CIRCULAR ARC PROFILE

where, from equation (B9),

b= (& sin 29—2q)
from equation (C13),
= (2D[(vy+1)D+-4]¢et4-2De%
+2{3—D+D[(v+1)D+4]}e™¥) cos 1
~(For+ DD+ (12412D=Dir+ DD-+41}e7*) cos 31
and from equation (D18),
¢=G1(£) sin 29+ G(¢) sin 49

sin 29 o~ g .
+00) (3 e ey~ in 2ot sin 41)
'—[201(0) +4G2(0)]77
In these equations
_1=g
D=

Gi(&), Ga(t), and G(¢) functions of { given by equations

(D12), (D13), and (D19), respectively

£, n olliptic coordinates related to rectangular Cartesian
coordinates X, ¥ by equations of transformation:

z=X=cosh £ cos 7
y=BY=sinh £ sin 7

The circulation correction formula.—Equation (15) rep-
resents the solution of the fundamental differential equa-
tion (1) that satisfies the boundary conditions at the surface of
the circular arc profile and at infinity insofar as the terms
inclusive of the third power of the camber coefficient A are
concerned. Each of the expressions ¢,, ¢., and ¢; are ob-
tained in closed form and are finite for all values of the
stream Mach number M, from zero up to but not including
unity. The Kutta condition, which determines the circu-
lation uniquely by stipulating a finite velocity at the sharp

4
N
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trailing edge of the circular arc, yields the following circula-
tion correction formula (see equation (D36)):

e

a8 @1 (16)
where T, and TI'; are, respectively, the circulations in the
compressible and incompressible flows. The incompressible
circulation T'; is proportional to-the first power of % so that
the compressible circulation T', is an odd function of . The
second approximation of I'; is therefore identical with the
first approximation and no departure from the Prandtl-
Glauert rule is obtained until the third power of A is included.
This result explains why the simple Prandtl-Glauert rule
for the effect of compressibility on the circulation or lift of
an airfoil has been very satisfactory.

For comparison, a formula analogous to equation (16)
has been obtained by applying the von Kérmén-Tsien ve-
locity correction formula to the circular arc profile. From
reference 10

e 1—p
q1 1—#912

where
g. velocity of compressible fluid
¢: velocity of incompressible fluid

g —[m?ﬁ]’

By an elementary integration around the circle, correspond-
ing conformally to the circular arc, the following relation
is then obtained:

1—ul? cos? 5
[T—2u72(1 Fsin? 8) +u cos® 5|72
14uY2 cos® 6
T2 (I +=m? 8y F 4 cost a]ﬂ’}

T, 1—u [
I‘i 4#“2 Si.n25

a7

where the angle & (see fig. 1) is related to the camber co-
efficient & by means of the equation

tan §=2h
Y
c
A /hﬂ x
~-2al 0 (22 2a,0
26 v

F1GURE 1.—Mapping of circular are Into circle.
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Table I gives values of the ratio T',/T; for various values of | curve and the curves based on the present analysis. Figure
the stream Mach number and the camber coefficient h, 3 shows the graphs of I,/T; as functions of & for various
calculated by means of equations (16) and (17). Figure 2 | values of M,.

shows the graphs of T,/T'; as functions of M; for various The velocity correction formula.—The magnitude of the
values of . The curves based on the von Kérmén-Tsien | velocity of the fluid at the surface of the circular arc is given
velocity correction formula lie between the Prandtl-Glauvert | by (see equation (D38)):

q_1+_— sin 0+h’{ 2——-—(7—-1) (Tﬂi) T4 [34+(7 b (1 ﬁ1’>’] ]

+ife[ -5+60+260) | sin 948 —3+26eD+9)+6,0 |sinsof+ . . . (18)
where cos 9=z and 05 4= = for the upper side of the arc, —a=#=0 for the lower side of the arc, and

6.0 =—5+126+5D (34108 )+ b0 5 D2r-+1) (341954 178D) + & 1* -+ 148+ 47D)

6:0)=—5—36—2D (5+6) 3 D*r+1) (5+26+36D)—3 D (y-+1)(1+ D)

If g, and g, denote, respectively, the magnitude of the velocity at the surface of the profile in the compressible and the in-
compressible cases, the velocity correction formula is

L . A (19)
¢: 1-+4h sin 8—4h% cos 20—8h® sin ¢

\ where ¢ is obtained from equation (18). At the leading or trailing edge, #=0 or ¥=m,

- [(B2+1> +7(3-1) | (20)

1—44%
At the position of maximum velocity, 0=§:
15| =843 (1) +31(5-1) [+ami—266D+5)+6,0)
%___ B £ I (1)
qq 1+4h+4r3—8h3
At the position of minimum velocity, ¢= —g:
—_ 21 . —_ i 3
5 ! 2t [ 8+3 (3+1) +3v(5-1) |-ewt- 26(4D+5)+6, 0] (22)
@ 1—4h4-4R2-+81°
Tables IT to IV give values of the ratio g./g; based on equations (20) to (22), respectively, for the first, second, and third
approximations. Figure 4 shows the graphs of 2e) 1 as functions of M, for the three approximations for various values

i/ max

of the camber coefficient k.
The critical velocity g.,, defined as the value for which the velocity of the fluid equals the local velocity of sound, is
obtained from the first of equations (6) by putting ¢g=c=¢q,. Thus

1+25 0 o)
Qﬁ= ————eees -
'Y+] I ars

The values of ¢ are given in table V in the column for which the local Mach number is unity. The ratio g./q; is casily
calculated for the various approximations. The graphs of only the third approximation of 1— 1 are included in figure 4.

Table VI lists the first, second, and third approximsate values of the critical stream Mach number M,,,, and figure 5 shows
the corresponding graphs as functions of the camber coefficient A.

The graphs of the third approximation of the maximum and minimum values of ¢., obtained from tables III and IV,
are shown in figure 6 as functions of the stream Mach number M;. The constant local Mach number lines shown in
figure 6 are obtained from equation (8) by introducing the local Mach number M in place of the local velocity of sound e.
Thus

172
2 1

= _1+ 1 (24)
2 TAME
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Note that equation (24) becomes equation (23) when M=1.
Table V contains values of ¢ for various values of M and A/;.

A comparison of the results of reference 9 on the compressi-
bility effect of thickness and the results of the present paper
on the compressibility effect of camber is of interest. For
this purpose, & symmetrical shape of reference 9 was com-
pared with a circular arc profile with the same incompressible
maximum speed at the surface. Results of this comparison
for several corresponding thickness and camber coefficients
are given in table VII. The dashed curves in figure 6 are
associated with the various symmetrical shapes. For
modernte values of camber and thickness the difference may
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be seen to be negligible over the entire subsonic range. This
observation indicates that, at least to a very good approxi-
mation, the effect of compressibility in the subsonic range can
be considered to depend explicitly only on the incompressible
fluid velocity and the stream Mach number and to be
independent of the shape of the profile. This result there-
fore substantiates the use of velocity correction formulas
such as the Prandtl-Glauert, the von Kérmén-Tsien, the
Temple-Yarwood, and the Garrick-Kaplan (reference 11)
formulas, which depend only on the incompressible fluid
vealocity and on the stream Mach number.
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F16URE 8. —DMMaximum and minimum velocitles as fimctions of stream Mach number.
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In general, the velocity g at the surface of the circular
arc profile may be written as follows:
g=1+a;h sin 3-4-k?(az-as cos 2¢)
+h¥(a, sin $+}ag sin 34 . . .
where, from equation (18),

_4
“=p

(25)

a=—2+ 21 (F5E)

wm—gean (55

-, [—%Jr @.(0) +2G,(0):|

a=8[ —2+26eD+8)+ G0 |

Values of a, as, a3, a4, and a; for various values of the stream
Mach number MM, are given in table VIII. As an example
of the behavior of the velocity distribution over a circular
arc profile as the stream Mach number is varied, the case of
h=0.05 with J;=0.3, 0.5, and 0.7 is calculated and com-
pared with the incompressible case. The calculated values
of the velocity at the upper and lower surfaces of the circular
arc profile, k=0.05, for the various values of M, are given
in table IX and the corresponding velocity-distribution
curves are shown in figure 7.
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The pressure coeficient.—In the case of a uniform flow f —1 _l__l_T""
past a fixed boundary, the pressure coefficient is defined as q= 2 lﬂfﬂg ,
Op. 1!1=1£—_pl '!_2—— J
gal? 2
(OP'MI) tac=—;7l\_4?

From the third of equations (6) it follows easily that
2 1 =
C,, M1=m1—2 {—l-l— [1 +§('y-— I)Mlz(l—qg)]-' ! ] (26)

For the incompressible case, A4;=0,
Op. =1— 92
For the sonic case, ¢=¢.r,

2 24 (y— D) M =
(Coae) =312 ‘—1+ %:R—T}

For the limiting case of absolute vacuum, M= = and

Table X gives associated values of the velocity and the
pressure coefficient O, s, for various values of the stream
Mach number M;, and figure 8 shows the corresponding
graphs. By means of table X and figure 8, the velocity
readings from figures 6 and 7 can be replaced by the corre-
sponding pressure coefficients.

LancLBY MEMORIAL AERONAUTICAL LLABORATORY,
NATIONAL ADvIsORY COMMITTER FOR AERONAUTICS,
Lanarey Fiewp, Va., July 16, 1944.



APPENDIX A

DETERMINATION OF THE COMPLEX POTENTIAL FUNCTION W

THE INCOMPRESSIBLE FLOW PAST A CIRCULAR ARC PROFILE

Consider the mapping of a circle ¢” in the Z’-plane into a
circular arc Cin the Z-plane, (See fig. 1.) If the center is at
(0,m) on the Y’-axis and the circle passes through the
points (a,0) and (—a,0) on the X’-axis, then the Joukowski
transformation

7 a? A
Z=Z"+7; (AD
maps the circle ¢” in the Z’-plane into a circular arc C in the
Z-plane. The equation of the circular arc is

aA—1m 2_ mn_l_az)z
o+ ) (5

The parts of the circle ¢’ lying above and below the X’-axis

correspond, respectively, to the upper and lower surfaces of

the circular arc C. The end points .4 and B of the circular
arc are the points

(A2)

X=42a
and the maximum ordinate is
Y=2a tan §
=2m

The camber coefficient A is defined as the ratio of the maxi-
mum ordinate to the chord, or

h=;ﬁ

_1
=5 tan & (A3)

The complex potential of the flow past a circular cylinder
of radius R fixed in & uniform flow of velocity U at zero angle
of attack and with a circulation I' is given by

T, z"
— %;T log % (Ad)

Z"=7"—1a tan §

w=—U(z”+—Z7

where

For the purpose of the present paper the circulation I' must
be so chosen that the stagnation points on the circle ¢ lie

at the points X’= +a corresponding to the leading and trail-
ing edges of the circular arc C; that is,
I'=8=Uah
=47UR sin § (A5)

With this value of the circulation inserted in equation (A4)
and with Z’/ replaced by Ee*, the complex velocity at the
surface of the circular are ¢ becomes
sin §-}-gin §
1—24¢"% gin §—¢**?

g%=2iUe"‘ (¢ sin §)*

The magnitude of the velocity is
_ (dwdw d_>
“\dzdZ
=U(142 sin 4 sin §-}sin® §) (AB)

It is recalled that the upper surface of the circular arc is
traversed in a clockwise sense as 6 goes from —3§ to =18
and the lower surface, as 8 goes from — (x—3§) to —38. The
velocity at the nose or tail is then given by

Inote={ra1=U cos®s

The maximum and minimum velocities occur at 0=g— and

at 0= —g> respectively, and are given by
maz=U(1-sin 3)
(A7)
Imin= U(]. —gin 5)2

EQUATION OF CIRCULAR ARC AS POWER SERIES INh

The equation of the circulararc, obtained from equation (A2)
for the entire circle, is

Y=2m—r+ r*— X517 (A8)

2 2
mia?. . .
where r= ; is the radius of the circle.

radical in equation (A8) according to powers of X/r yields

Expansion of the

By use of h=5-
a_ 2k
T IR
=2h—8h*+32Rh°—
Then equation (A9) becomes
Y=<4a— ) h+<4 ‘E-—-g
+(—16 7+ 12 %—2 %) o+ (A10)

Now, put %=cos ¢ and replace 2}‘5 a,nd T by X and ¥, re-

spectively. Equation (A10) then becom%
Y=2h sin? 0+2k3 sin? 28845 sin® 28 cos 294 . . . (All)
and
g——% cos 3—16h% cos 1 cos 2¢
—16h* cos ¢ (1+3 cos4)— . .. (A12)
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EQUATION OF w AS A POWER SERIES IN A
Consider equation (A4) with T’=8=xUgh and R*=a?(144A%).

Then

1444

L (A13)

= U(Z"—l— e —4iUah log 5

Now
Z'"=2Z'—1a tan §
=Z'—2iah
Then by expanding the right-hand side of equation (A13)
. . v 2+ (Z2—4a)'”
according to powers of & and replacing Z’ by ————%——

obtained from the Joukowski transformation (A1), it follows
that
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[Z— (Z*—4a®)'7)?
4a®

w=—UZ+2iaUh {1—

— 1/2
—2 log ﬁ_%@_] +

If w/2aU and Z[2a are written, respectively, w and Z, then
w=—Z+4h {1—-[Z— (Z2—1)17]3

—2log [Z+(Z2—1)17)}+ . .. (A14)

From equation (A14) for w and & corresponding equation for

the complex conjugate W, the nondimensional velocity poten-
tial becomes

==X+ 3|~z @1y

Z+(Z =1y

+[2'— (22_1)1/2]2_2 ]Og Z'l‘ (Zz—l)”g

}+ ... (A15)

APPENLIX B
DETERMINATION OF THE FIRST APPROXIMATION ¢,

By means of transformation (14), equation (11) for ¢,
becomes

S+ 3 h=0 B1)

A comparison of the expressions for ¢ given by equations (9)
and (A15) suggests the assumption
o=k {[z— (—1)""]*—[z—

2+ (F—1)'7
+2log £EE=1m)

@1
®2)

where z=z-1y, 2=x—1%y, and % is an arbitrary constant.
Since this expression for ¢, is the sum of a function of z only
and a function of z only, it satisfies Laplace’s equation (B1).
The arbitrary constant % is to be determined from the
boundary condition

29 d¥_2¢
dXdX oY
o ¢ d o)
= (B3)
The expression for ¢, insofar as the first power in % is con-
cerned, is
, $=—z—he
and, to the first power in %, from equation (A12),
%= —48h cos &

The boundary condition, equation (B3), then becomes

—— g 2%
4thos&—\ B 5y

Apy_ 09
=—if% oz bzl
- — e T (T3 __ 1/mn2__

(B4)

By definition z==cos ¢, and from equation (A11), to the first
power in h, y=2ph sin’ 8. Hence, to the first power in £,

z=cos ¢+216h sin? ¢

Z=cos #—2i0h sin? ¢

2®=cos® #+418h sin® ¢ cos ¢

Z=cos® 3—418h sin® ¢ cos ¢
(£2—1)12=4 gin 9(1—2¢Bh cos ¥)
(Z*—1)12=—1 sin #(142t8h cos )

Then
. 0 h ‘Hz’_e —2{0
48h cos 9=—2k B"’m
= —dithpr S sin 2
=——8zkhB’ cos ¢
or
2
Ic=?—3

The expression for the first approximation of ¢ is then

4= —x—%{[z— (z=—1)w]’—['z'— (E*-l)l/f]2

] (B6)

This expression for ¢ can be simplified considerably by

+21og

introducing elliptic coordinates ¢ and 5. Thus, let

g=cosh ¢ (B6)
where

t=t+in
Then

z-+1y=cosh (¢+1in)
=cosh £ cos % sinh £sin 5



THE FLOW OF A COMPRESSIBLE FLUID PAST A CIRCULAR ARC PROFILB

so that
r=cosh £ cos 3

) ) B7)
y=sinh £ sin 9

Equation (B5) can then be written

p=—= (cosh ¢-+cosh ;7)——- (e —e %12 log &fT) (BS)
or

g=—cosh £ cos n—% (% sin 20—2n)  (B9)

From & comparison of equations (A15) and (B5) note
that, if I'; and T, denote the circulation in the incompressible
case and the compressible case, then

r,_1
ry B
1
~ T (B10)

Equation (B10) is the well-known Prandtl-Glauert rule
connecting the circulations (or lifts) in the incompressible
and compressible cases.

In order to utilize equation (B9) for the celculations, the
equations of transformation (B7) must be inverted. Thus,

2
osh#E T smbT !

11
;v (B11)
2,
cos’y sin "
From equations (B11),
3 2y 214 172
2 sinh?=—>b+4 (b*+497) 12)

2 sinty=b+ (b°+49%)'?
where

b=1— @+
By means ofjtransformation (14),
2 sinh’t=—>b+- (b*4-4°Y7)'?
2 sinp=>b+ (b*+44°Y%)*?

where

b=1-(X*+6'T)
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In terms of the complex variables ¢ and {7, the velocity
components in the direction of the coordinate axes are

0¢ 1 9¢
Y=3X sinh ¢ ;a;+w 5t

(B13)
09 o 1 26__1 29
=Y~ % \sinh ¢ 3¢ sinh T OF
Let ¢ be given by equation (BS8); then,
u=—1—£be‘f sin 7
B (B14)

v=4he ¢ cos g
Now, to the first power in A, at the boundary,
£=0
=7

Hence, if ¢. and ¢; denote the magnitudes of the velocity at
the surface of the circular arc profile for the compressible
and the incompressible cases, respectively, then

qc=l+4—h sin ¢
6 (B15)

or, when A sin ¢ is eliminated,

g“=“<5 ) 1

B=(1—M)"*

(B16)

where

Equation (B16) represenis the velocity correction formula
for the Prandtl-Glauert approximation. Equations (B15)
can also be written as follows:

g1 1
4—1 B17)
Since the Prandtl-Glauert approximation is strictly true for
infinitesimal disturbances to the uniform stresm, equation

(B17) may be replaced by the differential coefficient (from
reference 11)

(B18)



APPENDIX C
DETERMINATION OF THE SECOND APPROXIMATION ¢,

By means of transformation (14), the symbolic relations,
' o

oz oz 75z
@_o . ¥
2 o 020z ' Oz?
_=7' (bz oz 1)
0? o?
W* w“ 5202 02
2 _ ./

%oy \o2 o
and the equation of transformation (B6), z=cosh ¢, or z=cosh [, differential equation (12) for ¢; can be expressed in terms
of the complex variables ¢ and T as follows:

4 ¢ 1—p°

cosh ¢ 04, 1. 0%; cosh¥ O¢;
sinh ¢ sinh ¢ of OF

O¢, 1 09 0’9
7 | 0+D—6-06 (57 e+ sis o) (G a0 — Skt of ot TSmhT oF smbT of
cosh{o¢; 1 0%,  cosh{¥ d¢, ]
ginh’ Of sinh® Of? ' sinh’t of

¢ 1 ¢,
—26 (Smh ¢, a.('l ginh ¥ af) <Slnh’§‘ ot (C2)

When the expression for ¢, obtained from equation (BS),
| ¢1=2i;3 le®—eF+2(—T)]
is introduced into the right-hand side of equation (C2), the following differential equation for ¢, results:
st~ (o ) (1)t =5 e s F—e sinhs ) 88765 —) (e sinh F--oF soh )]
Finelly, by putting {=¢-in and t=¢—is,

2
S+ 3= (D= (—8) Pt 48] cos 1+ (r+1) (L—Fet cos 3n) (€3
The right-hand side of equation (C3) suggests a solution of
the form

Fm—5 G+ (358 ) st 4y (C8)
$:=F1(¢) cos n+F3(§) cos 3y (C4)

where A, and 4; are arbitrary constants to be determined by

By substituting this expression for ¢, into equation (C3) and
by equating the coefficients of cos n and cos 3y to zero, the
following differential equations for Fy(¢) and Fi(t) are
obtained:

d*F

FR=t

{ — [+ —(v—3)FFlet+-46%*} (C5)

&F, -
@23—9F3=4(7+1)(—E§— et

(C6)
The solutions of these equations are

F=2 2B ()~ (—8) et et et} (O)

396

the boundary condition at the surface of the profile. The
other two arbitrary constants are taken equal to zero since
F and F; must vanish at infinity.
In terms of the variables ¢ and %, the boundary condi-
tion (B3) takes the form
09\ d
)&=

i (cosh ¢sing bs -I-smh £cos g b¢>

(sinh £cosn %%—cosh £sin g

(C9)

where the velocity potential ¢ has the form
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¢=—cosh £ cos ’7—% (e7% gin 29—27)

—hR3(F cos 3+ Fs cos 3y+Dan) (C10)

and where T is an arbitrary circulation to be determined by
the Kutta condition at the trailing edge of the circular arc
profile.

In order to make use of the boundary equation (C9), the
various functions of ¢ and » appearing in equation (C10)
must be expressed as functions of ¢ evaluated at the bound-
ary. From equations (A11) and (A12), the boundary and its
slope are now given by

y=2ph sin? 3+8pk? sin? ¢ cos® ¢4~ .

ZE=—4'3h cosd— ...

At the boundary then, with z=cos #,when powers of  above
the second are neglected,

b=1—("+y?)
=gin? §—4F%h? gin* ¢
Then, from equations (B12)
sin? g=sin?® ¢(1+4 8% cos? &)
cos? =cos® ¢(1—4£%* sin® )
sin g=sin $(1+26%2 cos® &)
cos 7=cos #(1—28%? gin? §)
sinh? £=4£%h* gin? &
cosh?® ¢=1-448%2 sin? ¢
sinh §=28h sin ¢
cosh t=1--28%h2 sin? &

g—1+-‘—3-sm15‘—|—h3{ —2— F‘ ('7—1)<1 ﬁ’>+4[ﬁ*+(7 1)(15’ﬂ2>
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et=1—2ph sin $1-28%2 sin? ¢
£=2ph sin ¢

When these expressions, with equations (C7), (C8), and
(C10), are utilized in the boundary equation (C9), the
following results are obtained:

1—g, 6 1—67Y
21 Al—ﬁa+2(«/+1)( )

vl 1=, 2248 1 1

The value of the arbitrary constant T; is determined in the
following way. The magnitude of the velocity, when terms
containing powers of /& higher than the second are neglected,
is given by

o ) 0
g=1+1 340 o () +52 |+ -

or, in the variables £ and 7,

(C11)

(g By Dby
4=1" o5k 2E—cos 27 <smh § cos n 5z —cosh £ sin 4 bn)
2R3 . o A
+ cosh 9 —cos o7 3E—cos 27 <smh £ cosn == DE 9¢:_ cosh £sin g >
28°h2 ) &
+(COSh 2t—cos 21])2 cosh (an n<, bE +SlI1h £ cos =— bﬂ (—(l—j, _)_
12
From equations (B9) and (C10),
1 .
¢1=-B' (7% sin 29—27)
and '
¢e=F) cos n-+Fy cos 39+Tan (C13)

where F; and F; are obtained from equations (C7), (C8), and
(C11). At the boundary, equation (C12) becomes

} ... (C14)

541111‘5l

The Kutta condition at the trailing edge #=m= requires that the velocity be finite; therefore, I must be zero and the
compressibility effect on the circulation (or lift) is again given by the Prandtl-Glauert rule.
If g. and ¢; denote the magnitudes of the velocity at the boundary in the compressible and incompressible cases,

respectively, the velocity correction formula is

Qo

4h . o 2 . _(1=B
1+Bsmt7-l-i'b2 2 & (v 1)( 5

o (5 s

(C15)

q: ) 1+4h sin 3—4hk2 cos 28

where 0 ¢ < # for the upper side of the circular arc and
—x<¢=0 for the lower side of the circular arc.
Then, for the leading or trailing edge, =0 or ¢=m,

o 1= ) + () |
qi 1—4h*

For the position of maximum velocity, 0=%,

(C16)

g 115 +h2[—8+3(ﬁ*+1> +37(ﬁ* 1)] (C17)
q: a+2h)2

For the position of minimum velocity, #= —5,

b 5 e )+ ) | o
qi (1—2R)?




APPENDIX D

DETERMINATION OF THE THIRD APPROXIMATION ¢,

The differential equation:(13) for ¢; can be expressed in terms of z and Z by means of transformation (14) and the

symbolic relations (C1). Thus

1025= S | 0D U 89+ 48 it 120 i+ 65+ (1D (L= ) G- $i) b

BZ

Fi(y+1) A— ) +28[ (b1t ¢153) (b2s+ b2) + (D1o+ b1x) (G20t bezm)]

+20(y+1) @+ ) —260(dret d1) dasz
_252[(¢l:2_ ¢I‘!2) (¢1u—' d’l?i) + (¢2s_¢21) (¢lu_¢lii) + (951:—' d’l!) (¢2u'_‘¢2't_z)]]

where, for example,
b?

=9
P=350%
The expression for ¢,, obtained from equation (B5), is now
) , - 2—1)12
b=l @1 5— @)V +2 log S G Tm
D2)

Introduce new complex variables X and X, where

—(2—1)2

> -
l

A=zt (2—1)12
(D3)

(@1

>l =t

A=z+(2—-1)7

The relations between the complex variables X and X and the
complex variables { and {, respectively, are

A=ef by
R W (D4)
= == ]
AA=¢€ X e
Then
-1 /1 1 A
w5 (o2 106 5) ®3

Similarly, the expression for ¢, obtained from equations
(C4), (C7), (C8), and (C11), is

—2(0—B) X 10g x5+D Y+ (—304D—sm R
+E)‘)\n +oX J;* D86)

where

o=—1-312F+ % oty ((5E)
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(D1)

__y+l /1=y
B--1E(55F)

and
2 1
C’—§ D——§ E=1

From equations (D5) and (D6) with the use of equation
(D3), the following relations are obtained:

4 1
¢1&‘=;:Tg)\z'j
A 1
e =20~ (A2 Gl 10 3F) 2D by

—2\8 1
+2BC—D+5E) 33— 1+2E )\z—z(y }‘1) 6C N(N—1)

_2NOHY) L 20— )

258 -
$2rs=8(D—E) [(_)"z’__])'s log M\

AN—1)® T X(N—1)?
NH3NA—N »
T80 Spa—ry SEOTDHEE Gy
P S 21 N 232 —1

Toe—p T A=ty

AN A—N)?
MAI—1) (N—1)

AN
1)(A*—1)

1
27— - 1
$ui=8D (n ) (\2—

and expressions for the corresponding conjugate complex
quantities.

When the foregoing expressions are introduced into
equation (D1), and when equations (D4) are used to express
the ‘various quantities in terms of the variables ¢ and 7, the
following differential equation for ¢; is obtained:
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2
S SR (A B (AP + B (A BA) e~ A4 Aye®] sin 2

+(4s' B e ™+ (Ad+Bt) e+ (As' + Be't) e~ + (As*+ By e %+ Arg'e %+ Ayle™%] sin 4y

H[—C (¥ +- % —2¢ ) |- Oy (X +e~% 267}k ia e~ gin 2ny

+2C (% —14-e % 4-¢) —20: (X + 1-—6‘25—6“5)15im‘z"'E sin 2ny

F[—Di(e¥—2—4de %466 % 43¢~ %— 4 %)+ D, (4e't— 7%+ 2+ 66~ — Qg% |- 475)

+ Dy (% +2— 4% — B4+ 3075 — 4658) — D), (4e¥ — 3% — 2125~ | 36— 46~)] SO ¢=% gin 2y

n=3

F[—2D; (¥ —1—2¢ %42} ¢~%— %) —2D), (2% — 5%+ 3426~ % — 4~ 4-3e~H — %)

42D, (%4 1—2¢ % —2¢ 4 - g% |- ¢~%) -{—2D4(Qdf—e’f—3+2e“’f—e“°f+e‘35)]ine‘”s sin 2ny (D7)

where
A =—968D—88D*(v+1)(5D+9)—26D°(v+1)*(7D+8)
A¢ =808D(D+1)4-88D*(v-+1) (6D+1)+BD* (v+1)*
A2 =—1928D2—328DP(v+1) + 128D (y-1)?
A =—608LF(v+1)—158D*(v+1)*.
A?=968D*+488D° (v+1)+68D4(v+1)?
Ayt =D (y+1)*(15D+-8)+468D%(v+1) (7D+9) -
Ap =968D°—16B0F(v+1)—108D* (v+1)*
Ayt =48BDF(v+1)—8BD¢ (v+1)*
Agt =—2248D*— 168D (y+1) +228D* (v+1)*
Aygt=—84BDF(v+1)—21pD! (v+1)*
At =1288D7+640F (v+1)+8BD* (y+1)*
By? =—8pD(v+1)D+4F
B¢ =—128D%(y+1)[(v+1)D+4]
=168D(v+1)D+A4F
=12BD*(v+1)[(v+1)D+4]
B¢ =—16DY(v+1)D+4)*
Byt =—208DP(v+1)[(v+1)D+4]
&G,

Byt =24pD*{(y+1)D+4]*

G =48D[(v+1)D+2][(y+1)D+4]
G =8BD(v+1)D+4]

D, =4pD*((v+1)D+2]

Dy =pDP(y+D(y+1)D+2]

Ds =SBD2
D, =28IF(v+1)
Note that

By'=—2B.*=—B; ='§— Bs4=°Au4=% Ay®

and
Bi=—Bgi= Bo == Axo =3 As

The right-hand side of equation (D7) suggests & solution
of the form

$a=G(£) sin 20+ G (®) sin 4n+§a,.(z) sin 2ny  (D8)

When this expression for ¢; is inserted in the left-hand side
of equation (D7) and the coefficients of sin 24, sin 45, and
sin 2ny are equated to zero, the following differential equa-
tions for Gi(£), Gi(t), and G, (%) result:

L 4G (AP B A+ B

+ (A +Bst)e® + Ag'e %+ Ai’e'* (DY)

gt~ 10G:= (A +BDe ™+ (A B e ™+ (As' + Bi'f)e™* + (As'+ Btf)e™ +AyteT%+ Ayyle'* (D10)

dEz — (21)*G,={4(D,— D,)e*+[— D, —7D;+ D3+3D;+ (— C,+ Co) 1% +2 (D, + Do+ D5+ D) - [4 (D1 — Dy) +- (— O+ o) Ele™*
+{—6D,+6D;—6Ds—2D,4-2(C,+ Cy) tle*+ (—3D,—9De+3D;—3D,)e™%

+4(D1+4- D+ D5+ Dy)e¥le 2 - { —4 (D, —

D,)et+[—2D,+10D;+2D;—2D,+2(C,— C)gle% -

+ [2D1"6D2+2D3—6D4—2(01 +C’2)E]+ [4D1_1D2_4D3+4—D4+2 (_ Ol+ OE)EIG—IE
+[—4D,+8D:—4D;+2(Ci+ C) Ele™*+ (— 2D, — 6D, +-2Ds—2D,) e %+ (2D1+ 2D, +-2D34-2D,) e3¢ ne~"t (D11)
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The solutions of equations (D9), (D10), and (D11) are as follows:

Gi(5)= —% B¢ ’6‘2‘—(% Aa’+'1% Bz’) ge +T1§ B4’£e“f+-31—2 Bffe“ﬁf-l-(Tlg A‘2+1_18- Bf)e‘“

+(3i2 At B oo Ade %k Aot (D12)
6u(6) =~ Bitte (7 Au' g5 Bit) e — T Bitret—(§ Ay Bi) ke Bikete+ (g At Bet) e~
+418 f“_&+(48 A+ 144 By ) _8""8 Aw'e +128 Aple™ kg™ (D13)
and '
Gu(®)=7 BD (D% e — (DA (y+ 4Ty Dottt | = DA+ D2 8D+ 1) et
+% BED (v+1)*+8BLF(y+1) — 16D lge ¢+ [BD* (v+1)*+8BLP(y+1) + 16 BD* g2 — BD* (y+ 1) %e~2me%
— (D (r-+ 4D (r+ D)o+ | § Do+ 1)+ DAy -+ 1) —26D7 e
+3 [8D*(y-+1)*+8BD%(y+1)+ 16 8D"Jge~44— T [BDA(y+ 1)+ 48D (y+ e~
+ 15 [BDA(y+1)*4+-86T°(y +1) + 166D e~ 4 Lt (D14)

where the following relations have been utilized:
01—02=4ﬁD‘(‘Y+1)2+ 1687 (y+1)
Ci+ Co=4BD*(v+1)*+328D°(y+1) +648D*
Dy—Dy=480P(y+1)
Dz—D4=ﬂD(7+ 1)
Dy+Ds+Ds+D,=BD* (v+1)*+8BD°(y+1)+ 16 8D*
=1 (G+0)

Di+Dy—Ds—Dy= 8D (v+1)*+4pLF (v+ 1) =3 (01 C2)

where

The arbitrary constants %, ks, and k,(n=3) are to be deter-
mined by the boundary condition at the surface (the bound-
ary condition at infinity is taken care of by putting equal to
zero the other set of arbitrary constants that normally appear
in the solutions of linear second-order differential equations
with constant coefficients). It is now anticipated that the
arbitrary constants k, are independent of n and equal to £,
say. Then

Gt gBDA 1+ | — 20D+ 1+ D+ | ¥ DA 1% | S0 128D+ 1) 2608 | e

— 18Dy 1)+ 4BDP (y-+ 1) ]~ 5= 8Dy -+ 1)+ 88D (y+1) + 16 ADe~%— [BDH(y+ 1)+ 45 T° (v + Dt

+';‘[3ﬁD‘(‘Y+ 1)*+8BLF (v+1) —16 D% +[BD* (v+1)*+86LF (v+1) + 16 8D — [BD* (v+1)* -4 D (v 4 1) Jee~%

+318DA(y+1)*4+-86D° (y-+ 1) 4 166D~

The expression for the velocity potential ¢ is now

¢=—cosh £ cos n—h¢;—h ¢ —Rhi¢s— . . .

where, from equation (B9),

1 ;
<:151=§(e"@e sin 27—2xn)

from equations EC3), (C6), (C7), and (C10),

=Q@D[(v+1)D+4]tet+2De %+ 2{3—D+D[(v+1)D+4]}e™¥) cosn

sin 29 Cop e e
20 SID27L17 q 2m—e 25Sill‘12‘)7—6 ‘fsm4n]
(D15)
(D16)
D17)

—(%(y+ 1)Dﬂe—E+—€1E {12--12D—D[(v+ 1)D—|—4]}e“35> cos 3n
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where

_L=p
and, from equations (D8),

$r=G,(®) sin 20+ 6,0 sin 41+ (5 oL,

—e~% sin 29—e~* sin 49 )4+-Tyy (D18)
where @Gi(§) and G.(t) are given by equations (D12) and
(D13), respectively, and @() can be written

G =3 Jet— TR+ — T+ 3TR ) et — H(E— 4 TR

K — Jo ¥ — TR te—%— % (B—2J—4/TR)e¢

+ Ko tt— 3 TRe = et (D19)
with
J=pD"(y+1)*

K=pD"(v+1)D+4]*

VIE=BDF(v+1)[(v+1)D+4]

The arbitrary constants k,, %;, and % appearing in the expres-
sions for @, Gi, and @, respectively, are determined by the
boundary condition at the surface of the circular arc profile.
The value of the arbitrary circulation Ty is determined by the
Kutta condition at the trailing edge—that the velocity there
be finite.

In order to evaluate the various terms appearing in the
boundary condition, equation (C9), the following relations
are necessary: from equations (A1l) and (A12)

y==£(2h sin? ¢4 8%° sin? & cos® #)+ . . .
%=—4ﬁh cos 3—168h° cos & cos 28— . . .

From equation (B12)
b=sin? ¢— B?(4h? sin* #4324 sin* & cos? )+ . .
sinh =28k sin & [1}4A? cos? #— B%h2(2 cos? ¢-}-sin* )]+ . .
cosh £==1428%h2 sin® ¢ . .
ef=1+26h sin 9-+28%h? sin® &
+28k3 sin ¢ [4 cos? 3— B2 (2 cos® #-t-sint )]+ . . .
¢"t=1—28h sin 9-+28%* sin® ¢
—26hk3 sin ¢ [4 cos® 3— B* (2 cos® ¢--sin* $)]4-. . .

£=2ph sin 9428~%sin ¢ [4 cos? ¢

- ,sz(g sin? 32 cos? 3-Fsint &):|+ .
sin y=sin ¢ (14-28%k2 cos? #)+ .
cos n=cos ¢ (1—2p%* sin® 9)-+ .

When the expression for ¢ given by equation (D16) is
substituted into the boundary condition, equation (C9), the
coefficient of A* on the left-hand side is

{BD[(y+1)D+4]—484-6£°} cos &
+{—28D[(v+1)D+4]+28—58} cos 3¢

+{8D[(v+1)D+4]+28— £} cos 5¢ (D20)

and the coefficient of A® on the right-hand side is

p [ —6-2 D+5 D D) —F D+ D—2D D=5 DD

kl;k] cos &

+6{ 18+ Z DL 04 3 D)+ 2 D (1) 45 D3 D1+ TR R ] os 5

+8] —T—AD+ADU 1) + D+ 1)+ 5 D )k Dot (=2 [ cos 59

(D21)

In obtaining expression (D21), the following relations were utilized:

Gu(0)=2 pD+% BD+2 D" (+1)+5 BTF (y+1) — oy BD* G+ D

G:(0)=—pBD*—32BD* (v+1)—3

G(0) =~ 1% BD* (y+1)*+3 AD® (y-+1)— BD*+E

()

8 603 s+ 2 g0 (r+ 1)+ 2

(i@) =4BD"+66D* (y+1)—48D° (r+1)+3 BD° (y+ 1)+ 33 D (r+1)*—4ky

(@)=

ﬁD" (7-|-1)—— BLP (v+1)*—

S g (v+1)+48L° (7+1)2+ ﬁD4 (v+1)*—2k,

BD*(‘H— 1)*+k,

(D22)
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By equating the coefficients of cos ¢, cos 3¢, and cos 5¢ appearing in expressions (D20) and (D21), the following equations
for the arbitrary constants %;, k;, and k are obtained:

3 BB =5 [+ DD+~ 54124 % DL D4 D4 )+ D+ 1) +2D 0+ D3 D+ 1) D23)
3 (k2B =~22 [+ DD+ 4+ 5= 18— 2 DAL D=2 D)= B D) P+ - DD (D24)
% (=2t 2K = [+ DD+ 41+ 5+ 6+ 4D — 4Dy + 1) — D+ 1) —3 D(y+1)P—5 Dy 1)° (D25)

Note that the sum of equations (D24) and (D25) yields equation (D23), so that these equations for &, ks, and % are not
independent. Hence, one of the constants, say k, is entirely arbitrary. It will be seen in the following discussion that the
arbitrary disposal of % is necessary in order that no infinite velocities oceur on the circular arc profile.

The velocity components along the X- and Y-axes are given by

29 2 . 0¢__
U=3X cosh 2t—cos 27 (smh §cosn dt cosh £ sin 7 bq)
(D286)
¢ 28 _>
T 0Y cosh 2t—cos 2y cosh £ sin » a£+smh£cosn Fo)
Along the chord of the circular arc profile, £=0; equations (D26) therefore become
1 9¢
Y=——=— ==
sin 7 On
7 (D27)
sin 7 Of
By means of equation (D16) for ¢ and the expressions for ¢;, ¢,, and ¢;, it follows easily from equations (DD27) that
u=—1—4-§ sin g4+A3{12 cos 29+ D[(v--1)D+4](2 cos 29—1)}
+—— [2G1(0) cos 29-+4G:(0) cos 49+ 1‘3]+ - G(0) [—2 cos 27—4 cos 4n—costy + 20211‘3;7 ]+ (D28)
p=4h cos n+48h*(2D-13) sin 29
—ogks da, (@ﬁ) (@E) (_1___ _ > ] :
28R cos 3 [( 73 0—!—2 i3 o-{— z ) \Tsn7 1—2 eons 29 ) +2G(0) (1+4 cos 27) |+ (D29)
At the trailing edge, 7=r or sin =0. Hence, according to k_17 23 2
equations (D28) and (D29), an infinite velocity seems to occur B 16 Dir+1) D“('y-{-l) +D (D31)
there. The Kutta condition at the trailing edge, however, . .
demsands that the velocity be finite. From equations (1D22) and from equations (D23) and (D25), respectively,
o - d .
it is seen that (£>O=0 so that the velocity component k1 —% [(7+1)D+4] ﬁ2+12+ D Dg+1T3ZDz(,Y+1)
v is finite on the boundary. The velocity component % can be
3
rendered finite by showing that the coefficients of si};n in +§ Da(7+1)+2D3(7+1)2+—6— Di(v+1)? (D32)

equation (D28) can be made to equal zero when =0 or =#. k
Thus, since the constant % occwrring in equation (D15) is 2=
arbitrary, it can be chosen so that G(0)=0. Again, if the 8

3
first coefficient of gl—ﬁ—ﬂ in equation (D28) vanishes for p=,
then the circulation constant

D [+ DD+ 4]— 53~ 2D-+ D+ 2Dy +1)

— DAt 1) +§ D+ 1) 28 D+ 1) (D33)

Note that, had the incompressible flow past a circular arc

(D30) profile been determined according to the methods of the

where @;(0) and G,(0) are given by equations (D22).
The arbitrary constant % has been determined by the
condition @(0)=0. From equations (D22), therefore,

present paper, a discussion similar to the foregoing would
have been necessary, with the result that %,=8, ky=—4,
k=0, &Ild P3=O.
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Substituting from equations (D21) for G;(0) and G.(0)
into equation (D30) gives

Py=—= BD ﬁD’—— BD? (v+1) -3 ﬁD3 (v+1)

1 8
—8 BD* (r+1)—3 BDF (y+1)" (D34)
The circulation Ty in the incompressible case, obtained from
equation (A5), is

Ty

The circulation I', in the compressible case, inclusive of
terms containing the third power of %, is obtained by adding
the circulation term from equation (B9) to the value of
I'; given by equation (D34) and multiplying the result by

Q3
4wUq. Thus, if D is replaced by L ﬁ,ﬁ )

e[ 2+ a4 S s

15 G0 ST iy (D35)

The circulation correction formula then becomes

403
T, 10 1— ﬁ2

rmgt | R 155+ o) S e rap
g5 G+ S G (D36)

The first term on the right-hand side is the familiar Prandtl-
Glauert term so that the second term represents the first
departure from the Prandfl-Glauert rule.

The magnitude of the velocity at the surface of the circular
arc profile is calculated by the use of equations (D26). Thus

=1+ u| £ () + 3

+i] -5 S (3 e

where, symbolically,

D 2 . 0 . 0

oz cosh 2£—cos 27 (smh §cos b—E_GOSh fam g 57;)

o 2 . d, . o}

oy cosh 2E—cos 97 <cosh £sin g Sg-l-smh Ecosq 577)
and the expressions for ¢, ¢;, and ¢; are given by equations
(B9), (D17), and (D18). When all the functions of £ and 5
are expressed as functions of ¢ at the surface of the profile

and terms involving powers of % higher than the third are
neglected, the expression for ¢ becomes

(D37)

g—l-i--FsmzH—h’{ 2—54—(7—1) (1 '32>+4|:ﬁ‘+(7 1)(1 >:|sm’0}

e [ 4 I:_B+ 01(0)+2a,(0):| sin 948 [—E+25(2D+3)+0,(0)] sinds |+ . . .

where, from equations (D22) and (D32),

(D38)

GO=—5+126+5 D (3+108 41 8045 Dr-+1)(3+198+178D) + 37 6D° (v-+1)* (48-+47D)

and, from equations (D22) and (D33),

6:(0)=—5—3p—2D (ﬁ+ﬁ>—— D* (v-+1) (B+213+3BD>—— BIF (y+1)? (14-D)

If g, and ¢, denote the magnitude of the velocity at the boundary in the compressible and the incompressible cases,

respectively, then the velocity correction formula is

Ie_

q
¢: 144k sin $—4A% cos 20—8A® sin ¢

(D39)

where ¢ is obtained from equation (D38) and where 0= ¢= r for the upper side of the circular arc and —#=<8#=0 for the
lower side of the circular arc. For the leading or trailing edge, =0 or #==, the velocity ratio ¢./¢: is again given by equation

(C16). TFor the position of maximum velocity, ﬁ=%y
144y g |:—s+3 <%+1> +3v (%-1) ]+4h3[—26(4D+5)—|-Gl(0)] .
f__ ' B B 2 (D40)
qi 1-+4h+4h*—8A?

For the position of minimum velocity, ¢= —g-

Qo

_1——+h2 [—s+8(5+1) +ov (5-1) |-4wt—266D+5)+a,01

a0 T—ah 471 8h°

(D41)
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T[T
\\ N
\\ Ay 0.10 0.20 0.30 0.40 0.45 0.50 0.55 0.60 0.85 0.70 0.75 0.80 0.85 0.90
Approximation \\
Prondtl-Glauert. o eeneooooo_nen 1 0050 1. 0208 1.0483 10911 1.1198 1. 1547 11974 1. 2500 13159 1. 4003 1. 5119 16667 1.8883 2.2042
h=0.010
L . 1.0050 1. 0208 10483 1.0913 L 1200 1. 1560 11978 1. 2508 1.3172 14029 1.5170 1.6788 1.0348 2.4603
von Kfrmén 1.00£0 L0208 10483 10911 11199 1, 1548 11975 1. 2508 1.318% 1.4013 1. 5135 16692 19025 2. 3030
h=0.016
THIrd. ceceeecemececimeeeecees 1.0051 1.0207 1.0484 10913 11202 1.1553 L1984 1.2517 1.3189 1,4039 15234 1. 6040 1.8804 2, 6680
von Kfirmén - 1. 0050 1.0207 L0484 10913 1.1202 1.1583 11983 L2511 18175 L. 4026 1.5152 L6720 10078 23142
A=0.020
B ] 1, 0051 1. 0207 1.0485 10915 1,1205 1.1558 11992 1. 2530 13212 1.4102 15323 171583 2.0441 2.9588
von KArmAn. .o..veemmeeeoo. -] L0051 1.0207 1.0485 1.0916 1. 1205 1.1567 11687 1.2520 1.3187 1.4043 1.5179 16783 19183 2, 3301
he=0,025
1, 0051 1.0207 1.0488 L0918 1.1200 11565 1.2002 1.2547 1.3242 14158 1,5438 L7427 21262 | .o...s
10051 10207 10486 10916 1.1208 11660 1.1998 1.2531 1.3203 1. 4066 15218 1.6818 L6250 | aeeeoo
h=0,030
Third. . e oo cceeen 1. 0051 1.0208 1.0487 L 0g21 L1214 1.1672 12015 1.2568 1.3278 1.4228 1. 5578 1. 7762 22264 | ..ol
von Kérmén 1, 0051 1. 0208 1. 0488 1. 0920 11212 L 1670 1. 2008 1.2544 13222 14094 1. 5256 1.6885 L0 | ......
5=0.085
Third.... 1. 0051 10208 1.0488 10925 11220 11581 1. 2030 1.2593 1.3321 1. 4307 15744 1.8157 23440 | ...
von KArMAN..... oo eeiee 1, 0051 10208 1.0488 L0922 11216 L1575 1.2017 1. 2560 13245 1.4127 1. 5306 1. 6966 18514 | ......
h=0.040
1. 0031 1. 0209 L 0490 1. 0920 L1228 1.1592 1. 2047 12621 L3371 1,4400 15938 L8613
10051 10209 10488 1.0926 1.1220 1. 1588 12031 1.2579 1.8271 1. 4168 1. 5384 1.7060
h=(, 045
.......................... 1. 0031 L0210 L0492 1.0034 L1234 | L1604 1.2068 12633 1, 3427 1.4505 1.6153 19180 [, PR
von Kfirmfin 10051 L0210 1. 0490 1. 0930 11238 L1599 L 2046 1. 2600 1.3301 1.4209 1. 5430 L7168 | cecoee | —eeee-
he=0.050
Third. ..o creeeeommmemeeeeceee 10051 1.0210 1.0494 1. 0939 11243 L1617 1. 2087 1. 2689 1.3480 1, 4623 1. 6396 LO708 | ceeeen | ooeeee
von KArmén o oo ___... 1. 0051 L0210 10462 1.0838 1.1238 L1611 1. 2063 1. 2624 L3335 1,4258 1. 3505 L7200 | eeeen | aeeee-
he=0.060
L 0052 1.0212 1. 0489 1.0952 1. 1262 1.1648 1.2187 L2773 1.3638 1. 4895 1.6958
L 0052 10210 1. 0496 10950 L1260 1.1640 1.2102 1. 2670 1.3413 1.4373 1, 5881
h=0.070
Third. ..o et 1. 0052 10214 1. 0505 1. 0067 1.1285 1.1685 1.2196 12871 1.3808 1,5218 L7622 | oo | e | eeeee-
von KArmén......cveemeemeenao. 1, 0032 1.0212 1.03500 1. 0960 11281 L1673 1.2148 1. 2744 13507 14511 L8885 | ceeaen | mmeeee | emee-
h=0.080
Third.... e eeeeemee 1.0053 L0217 1.0512 1.0984 1.1312 L1727 1.2285 1.2085 1. 4007 LB3Y | coconn | mmeeem | emmmee | eeean
von KArmAn.....eeveemmmmeee—..| 1.0052 L0215 L0510 L0978 11289 L1711 1.2202 1,2820 1.3616 L4878 | coeeee | ammeen | emmeee | meeee-
h=0.090
10053 1.0219 1. 0520 1.1003 1,1342 L1776 1,2342 1.3144 1.4232 1. 6011
1. 0062 10217 10515 11001 1.1340 1.1755 1.2263 1. 2007 1.3741 1. 4861
A=(. 100
L0054 L 0222 L0528 11025 1,1378 1.1828 1. 2428 1,3258 1. 4484 L4822 | ool | e ) e | T
10053 L0220 L0526 1. 1020 11370 1, 1804 12332 L 3004 1.3883 L0768 | ceeein | eeeeee ) e} TTTTTT
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TABLE II.—RATIO OF VELOCITIES AT LEADING OR TRAILING EDGE FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS

qdas
. .
My 0.10 0.20 0.30 0.40 0.45 0.50 0.55 0.60 0.85 0.70 0.75 0.80 0.85 0.00 0.95

Approx!-

mation |

h=0.010; (1) r2a0t= ]—_-u-&'u‘-;

FIrst. oo ooooeecceccaae 1. 0000 1. 0000 1. 0000 1 0000 Q. 9999 0. 9990 0. 9999 0.9999 0. 9999 0. 9968 0. 9988 0. 9097 0. 9996 0. 9995 0. 9991
Third. oo L 0000 1. 0000 1. 0000 . 9999 . 9999 . 9908 . 9998 . 0997 . 9008 . 9904 . 9991 . 9985 L9973 . 9939 L9767

h=0.015; () caucr=—g 7o

1. 0000 1. 0000 1. 0000 0. 9999 0. 9999 0. 9999 0. 9988 0. 9988 0. 9997 0. 9996 0. 9995 0. 9994 0. 9902 0. 9988 0. 9080
L 1. 0000 - 9999 . 9998 . 9997 - 9996 . 9995 . 8993 . 9901 . 9985 . 9080 . 8967 . 9940 . 9303 L0154

h-o.m (g:) exact™ '1—_0'%-1-3‘

1. 0000 1.0000 0. 9099 0. 9999 0. 9998 0. 9093 0. 9997 0. 9995 0.9905 0. 9991 09992 0. 9989 0. 9088 0.9070 0. 0965
L . . . . 9994 . 9991 . 9988 - 9983 . 9976 . 9064 L9941 . 8893 9787 . 0028

B=0.025; (gD cxeer= 1oy

iy | S 1. 0000 1. 0000 0. 9099 0. 9098 0. 9997 0. 9996 0. 9995 0. 9094 0. 9992 0. 9980 0.9087 0. 0983 0.9078 0. 0068 0. 0015
Third. . eeeeeemeenee 1. 0000 . 9989 -9997 . 9095 . 9993 . . 9986 . L9943 . 8480

0090 9981 . 8974 . 9962 0908 . 9833 . 9620 .
5=0.030; (¢7) craerm 1—_0‘}3—“
Firste oo o 1. 0000 Q. 9999 0.9998 0. 9997 0. 9960 0. 6994 0. 9993 0. 9991 0. 9989 0.9038 0. 0082 0.0076 0. 9968 0. 9053 0. 9921
Third. e L. 0000 . 9999 . 9008 .9992 . 9990 - 9986 . 9980 L9973 - 9962 . 9945 . 9018 . 9867 . 9759 . 0452 . 7808
£=0.085; (99 eseer= 157w
Flrst oo 1.0000 0. 9990 0. 9998 0. 9988 0.9004 0. 9092 0. 9990 0. 9988 0. 9985 0. 9980 0. 6975 0. 9067 0.9958 0. 0937 0.9802
Third.. oo . 9999 . 9088 - 9995 . 9990 . 9986 . 9980 -9073 . 9963 . 9048 . 9925 . 9888 . 9819 . 9072 . 9253 LT3
h=0.040; (7)) eraet= Tphws
FIrst oo 1. 0000 0.9999 0.9997 0. 9994 0. 9092 0. 9990 0. 9987 0.0984 0. 9980 0.9974 0. 6087 0. 9957 0. 9043 0. 9917 0. 9859
Third. . cee e cene | . 9999 . 9097 - 9993 . 9086 . 9081 9974 . 9985 . 9952 . 9932 . 9003 . 9853 . 9763 . 9570 .9023 .0002

A=0.045; (70 exace= T-5l5mT

First.. oo 1. 0000 0.9998 0. 9996 0.9993 0. 9990 0. 9988 0. 9084 0. 9980 0.9974 0. 6968 0. 0059 0.9946 0. 9027 0. 9895 0. 9822
Third. ..o - .9999 . 6997 . 9991 . 9983 . 9976 . 9967 . 9935 . 9939 . 9914 . 9878 . 9814 . 9700 9185 . 8761 . 5010

h=0.050; (g2 -:ult-ran'

FIrst. om0 1. 0000 0. 9998 0. 8995 Q. 9991 0. 9988 0.0985 0. 9980 Q. 98975 0. 9968 0. 9960 0. 9940 0. 9933 0. 9910 0.9871 0. 0780

Third. . oemnmeeeeeemae . 9099 . 9996 - 9989 . 9079 . 9970 . 9930 . 9845 L0924 . 0804 . 9847 L9770 . 9620 . 9328 . 8468 . 3873
h=0.060; {Qi)u-et--]—_-ullj—‘

First o oo 0. 9999 0. 8997 0.9993 0. 9987 Q. 9983 0.8978 0.9072 0. 9964 0. 9955 0. 9942 0. 9920 0. 9004 0. 0871 0.9314 0. 0083

Third. .. ecceecenae | .9909 .9094 . 9985 . 9069 . 9957 -9942 . 9920 . 9880 . 8846 .9779 . 9687 . 5463 . 9026 LT84 . 1137
4=0.070; (@) aeer= oY 5w

Flrst. oo 0. 9999 0. 9998 0. 9991 (. 0982 0. 9977 0. 9970 Q. 9861 0. 9951 0. 9938 0. 9923 0. 8900 0. 9869 0. 0824 0.0746 0. 9508

Third. il . 9988 .9991 . 9979 . 9958 L9542 . 9920 . 8891 . 8850 . 5700 . 9607 . 9546 . 9266 . 8666 L0008 Jiceeneenn
B=0.080; (q0) wrasr= g5

by LS, Q. 9969 0. 9995 0.9938 0.6977 [ 0.9960 0. 9980 Q. 9950 0. 9936 0. 9918 0. 9808 0. 9369 0. 9820 0. 9770 0. 9609 0. 9430

Third. oceee . 9997 . . 9973 0044 . 9923 . 9885 . 9858 . 8802 L9723 . 9602 . 9402 . 9035 . 8247 OB016 foceenae.a.
h=0.000; (¢J cxact= ygiyog

0. 9993 0.9984 0. 9971 0. 9981 0. 9950 0. 9936 0. 9918 0.989é 0. 9870 0. 9834 0. 9784 0. 9709 0. 9581 0.9280
. 9958 . 9902 - 9866 . 9817 L9748 - 9648 . 9403 L9237 .8T70 L7758 L4021 ool

Be=0.100; (@) exensm 1y

0. 9992 0. 9981 0. 9964 Q. 9952 0.9938 0. 9921 0. 9800 0. 9874 0. 9840 0. 9795 0.9733 0. 9641 0.0482 0.9119
. 9982 . 9058 . 9912 . 9878 . 9833 L9772 . 9687 . 9561 . 9369 . 9061 . 8469 . 7221 L3080 ool
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TABLE II.—RATIO OF MAXIMUM VELOCITIES FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS

Gmez fmez;

Approx- M;
fmation 0.10 l 0.20 | 0.30 | 0.40 I 0.45 | 0.50 l 0.55 | 0.80 | 0.85 I 0.70 | 0.75 I 080 | 085 I 0.90 | 0.95

A=0.010; (¢01=1.04; (g)2=1.0404; (9)3=1.0404; (¢1) caucr=1.0404

1. 0002 10008 10019 10035 10048 1.0080 1.0076 1.0098 1.0122 1.0154 1.0197 1.0256 1.0348 1.0468 1.0847

1.0002 1.0008 10020 1.0037 1.0049 1.0084 1.0082 1.0106 10134 1.0171 1.0223 L L0422 1.0673 1.1647

1.0002 10008 1.0020 1.0038 1.0050 10064 1.0083 10106 1.0135 10173 10227 1.0307 1.0446 L0779 1.2829
A=0.015; (g01=1.06; (3:)3=1.0608; (7)3=1.0609; (¢:) cxac:=1.0309

1.0003 L0012 10027 1.0052 1. 0068 1.0088 1.0112 1.0142 1.0179 1.0227 1.0280 1.0377 L0209 1.0733 1.1247

1.0003 1.0013 1.0030 1.0057 1.0076 1.0098 1.0126 10161 1.0205 1.0285 1.0347 LO471 1.0678 L1118 1.2700

1.0003 1.0013 1.0030 1.0057 10076 1.0088 L0127 10182 1.0208 Lo271 1.0359 L0468 1.0768 1.1469 1. 7034

£=0.020; (g)1=1.08; (g1)2=1.0816; (g)3=1.0815; (¢} sxect=1.0815

10004 1.0015 1.0038 1.0068 1.0089 1.0115 1.0148 1.0185 10234
10004 L0017 1.0040 L0077 1.0102 1.0132 1.0170 L0218 1.0280
L0004 L0017 10041 L0077 10103 1.0134 10173 L0222 1.0288

1.0464 1.0685 1.0957 1.1631
1.0858 1.0961 11630 1.4321
1.0720 L1146 1248 24191

35
=

£=0.025; (g01=1.10; (g)a=1.1025; (7:)3=1.1024; (§1) ewace=1.1034

1. 0005 10019 L0044 1.0083 L0109 1.0141 10179 L0227 1.0287 L
i.OOOE 1.0022 1.0051 1.0097 Lo129 10168 1.0218 1.0278 1.0358

! 10817 11177 12002
. 0005 L0022 10052 L0088 L0130 L0171 10221 1. 0286 1.0872 1

L1624 1.3172 3.4221

3
25
32
§
5
g

h=0.030; (g0)1=1.12; (g)2=1.1236; (g:)3=1.1234; (47) exaer=1.1234

1. 0005 10022 1.0052 1.0008 1.0128 1.0168 10212 1.0268 1. 0339 1.0420 1.0548 1.0714 1.0963 1.1387 1.2360

1. 0006 L0028 1. 0062 L0118 1.0156 1.0204 1.0263 1.0339 L0439 1.0573 1.0766 1.1085 1.1601 1.2840 1.8183

1.0008 10026 10063 1.0120 1.0159 1.0209 1.0272 L0353 1.0462 1.0616 1.0854 1.1271 1.2203 1. 5498 5.0253
h=0.035; (g0)1=1.14; (g)2=1.1449; (g013=1.1446; (70 erasr=1.1446

1.0008 1.0025 10039 1.0112 1.0147 1.0190 1.0242 1.0307 1.0388 1.0402 1.0620 1.0819 1.1103 1.1589 1.2705

1.0007 1.0031 1.0073 1.0139 1.0184 1.0241 1.0312 1.0402 1.0622 1.0684 1.0918 1.1287 1.1955 1.3530 2.0483

1. 0008 1.0031 L1.0074 L0142 1.0189 1.0248 1.0324 10423 1.0558 1.0752 L1068 1.1608 12894 1. 7670 7.0467

h=0.040; (@01=1.16; (g)1=1.1684; (g03=1.1659; (40 cress=1.1650

L 1.0087 1.0126 1.0185 1.0213 1.0272 1.0345 1.0436 1. 1. 1 1.1785 L
1.0035 1.0084 1.0160 10213 1L.0278 1.0381 1.0467 1.0607 1.0708 1.1077 L1519 1.2330 1.4272 2.3007
L 1.0085 1.01685 L0220 10290 1.0379 1. 0468 1. 0660 1 1. 1 2. 0339 9.

h=0.045; (q)1=1.18; (g1)2=1.1881; (g1)a=1.1874; (@) sxaes=1.1874

%

1.0074 1.0139 1.0183 1.0238 1.0301 1.0381 1.0482 L0g11 1.0781 1.1017 1.1370 1.1074 1.3360
10040 1.0095 1.0182 1.0241 L0316 1.0411 1. 0633 10694 1.0916 1.1M1 1. 5083 2.5745
1.0097 1.0188 1.0252 1.0332 1.0437 1.0576 1.0769 1.1055 1.1523 L2420 1.4649 2.3545 12,8152

£=0.050; (901=1.20; (q03=1.2100; (7)3=1.2090; (@) exaer=1.2089 -

1.0034 1. 0081 10162 1.0200 1.0258 1.0329 1.0417 1.0527 1.0687 1.0853 L1111 1.1497 1.2157 1.3671
1.0045 1.0108 1.0203 1.0270 1. 0355 1.0462 1. 0600 1.0783 1.1037 11411 1.2013 1.3139 1. 5900 2. 8682
L0046 1.0109 1.0212 1.0284 10377 1.0497 1.0858 1.0884 1.1224 1.1791 1.2900 1.5731 2.7327 16.6647

h=0.060; (q)1=1.24; (gr)a=1.2544; (¢1)3=1.2527; (1) emass=1.2525

1.0040 | 1.0094 | 1.0176 | 1.0232 | 1.0209 | 1.0382 | L0484 | 1.0611 | 1.0776 | 1.0891 | L1200 | 1.1739 1. 2505 1.4263

10054 | 1.0129 | 1.0247 | L0330 | 1.0434 | 1.0866 | 1.0737 | 1.0967 | 1.1288 | 1.1784 | 1.2541 | L4018 1. 7700 3.5106

1,0056 | 1.0135 | 1.0262 | 1.0353 | 1.0470 | 1.0625 | 1.0836 | 1.1138 | 1.1509 | 1.2388 | 1.4021 | 1.8341 3.6781 | 28.5210
h=0.070; (q01=1.28; (g)2=1.2008; (70)3=1.2009; (¢ rxaer=1.2065

10045 | L0106 | 1.01090 | 1.0262 | L0338 | 1.0432 | 1.05647 | 10691 | 1.0876 | 1.1120 | 1.1458 | 11985 1.2831 1.4818

L0084 | L0151 | 1.0202 | 10391 | 10514 | L0673 | 1.0879 | i.1157 | 1.1548 | 1.2133 | 1.3000 | 14954 1. 9651 4.2163

1.0067 | 1.0161 | 1.0316 | 1.0426 | 1.0570 | L0763 | 1.1028 | 1.1418 | 1.2027 | 1.3106 | L5371 | 21599 4.8892 | 30.5150

©=0.080; (g)1=1.32; (g)1=1.3458; (¢)3=1.3415; (q) exaer=13409

0050 L0117 L0221 10290 1.0375 1.0470 1.0608 1.0768 1.0970 1.1241 1.1618 12178 1.3187 L
. L0175 1.0338 1.0452 1. 0596 1.0781 11024 1.1352 1.1818 12517 1.3682 1. 5944 2.1735 4. 8383
. 0078 1.0188 1.0371 1.0504 1.0878 1.0912 L1M0 1,1778 12508 1.3923 1. 6963 2, 5522 6.3937 &5,

gt

B=0.090; (g1)1=1.36; (q)2=1.3924; (¢)3=1.3888; (4) eveot=21.3857

Flrst.. 1.0013 1. 0055 1.0241 1.0317 1.0400 1. 0522 1.0602 1.0838 1.1060 1.1355 1.1785 1.2378 1.3426 1. 5830

B d 1.0020 1. 0083 L0188 1.0384 1.0514 1.0679 1.0892 1.1172 1.1552 1.2082 1.2013 1.4288 1.6979 2.3934 5.

Third 1. 0022 1.0090 L0217 1. 0430 1. 0588 10792 1.1072 1.1470 1. 2068 1.3047 1.4851 1.8810 3.0178 8. 2079 75. 9740
£=0.100; (@)1=1.40; (q0)2=1.4400; (:)3=1.4320; (§1) exaot=1.4307

Firat. 1.0014 1. 0069 L0138 1.0280 L0342 1.0442 1.0564 L0714 1.0903 L1144 1.1462 1.1905 1.2567 1.3697 1.6203

Beecond 1, 1.0093 1.0231 1. 0430 L0577 1.0763 1.1004 11321 1.1765 1.2374 1.3320 1.4914 1. 8054 2.6235 6. 6672

Thirde. e cnenmeeenn 1.0024 1.0102 10247 1.0401 1.0672 1.0913 L1244 1.1718 1.2442 1.3643 1. 5896 20023 3.5501 10. 3480 $0.8730
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TABLE IV—RATIO OF MINIMUM VELOCITIES FOR COMPRESSIBLE AND INCOMPRESSIBLE FLOWS

q-u‘/q-u‘
AM
Approxi-
matlon 0.10 l 0.20 I 0.30 | 0.40 I 0.45 0.50 0.55 0.60 | 0.685 I 0.70 0.75 0.80 0.86 0.90 | 0.05
h=0.010; (g)1=0.98; (g:)2=20.9604; (g)3=0.9604; (0 exaer=0.9004
0.9998 0.9991 0.9980 | 0.9962 | 0.0850 | 09936 | 0.9918 | 0.9506 | 0.9808 | 0.9%32 | 0.9787 | 0.6722 | 0.9626 | 0.9401 | 0.9082
0998 9093 . 9081 9965 . 9954 L9841 0925 Ko . 9882 . 9852 . 9816 . 9768 L9700 . 9051 L9841
9998 9992 . 9981 9065 .995¢ . 9940 9924 . 0004 . 9881 . 9850 L8812 9750 . 9083 9536 . 0451
B=0.015; (g0)1=0.84; (¢0)2=0.9409; (g0)3=0.9409; (¢1) exacs=0.9409
0.9997 0. 9987 0.0000 [ 09942 | 0.992¢ | 0.0001 | 0.9574 | 0.9840 | 0.9788 | 0.0745 | 0.0673 | 0.9576 | 0.9437 | 0.0174 | 0.8604
9097 . 9088 L0972 9048 L9032 L9913 . 9900 . 9360 . 9820 9788 9739 . 0680 . 0610 .0605 | 1.0336
9997 . 9988 9972 9948 9932 L9912 8889 9858 . 9825 9780 9726 . 0650 . 9520 9214 . 6651
£=0.020; (g)1=0.92; (¢0)2=0.9216; (g0)3=0.9217; (q0) szaes=0.9217
Firste o ceeoacmeees 0.9996 0.9982 0.9958 | 0.9921 | 0.9306 | 0.9888 | 0.9828 | 0.9783 | 0.9725 | 0.9653 | 0.8555 | 0. 0.9219 | 0.8876 | 0.8088
Secon . 9006 . 9984 . 9064 . L9011 . 0187 . 6857 0818 . 9781 .9731 9674 L9613 . 0508 0607 | oee.-
. 9906 . 9984 . 9963 . 9931 .9910 . 9885 8854 . 9813 9772 . 9716 L9643 . 9638 . 9350 8708 | ...
h=0.025; (q)1=0.90; ()2=0.9025; (§)3=20.9028; (1) c34¢s=0.9026
FIest. ooemcceee 0.9994 0.9977 0.0046 | 0.9809 [ 0.9867 | 0.9828 | 0.9781 | 0.9722 | 0.0640 | 0.9555 | 0.9431 | 0.9250 | 0.9002 | 0.8502 | 0.7553
0995 . . 00955 9917 9892 L9562 . 9827 9779 9738 9682 . 9622 0567 . 9550 L0877 | .o...-
. 9981 0055 8915 K: 9858 . 9821 9769 .g721 . 9651 . 9550 L3418 . 9126 I TU N
£=0.030; (q)1=0.88; (g)2=0.8338; (g)3=0.8838; (7.} crast=0.8838
0.9993 0.9972 0.9034 | 0.9876 | 0.0837 | 0.9789 | 0.9731 | 0.0650 | 0.9569 | 0.94564 | 0.9302 | 0.9091 | 0.87756 | 0.8235 | 0.6067
L0004 8977 L9947 9002 . 9873 L8839 .97 9742 9700 9642 . 9583 L0544 L0805 | 10080 | - ...
L9004 9977 9046 . 9900 . 8869 8833 . 9789 9725 9670 . 9587 L8472 L9282 L8830 0720 | aeeeen
Bm0.035; (g0)1==0.86; (g)2m0.8649; (g)3=0.8652; (1) creet=0.8652
0.9992 0.9968 0.9921 | 0.985%2 | 0.9805 | 0.6748 | 0.9679 | 0.9503 | 0.90486 | 0.9348 | 0.9167 | 0.8016 | 0.8538 | 0.7893 | 0.0418
K L9974 9940 . 9880 . 9R58 . 9818 9773 L9709 9668 9610 L9559 . 9546 L0680 | 1.0483 .
L0994 9973 9938 . 9885 8849 8807 9757 . 9681 . 9620 L8521 9377 9121 L8430 . 5008 .
Bm0.040; (90)1=084; (g)1=0.8164; (¢)3=0.8469; (¢.) esacr=0.8469
0. 9990 0. 9961 0.9908 | 0.9827 | 0.9772 | 0.9705 | 0.9624 | 0.9524¢ | 0.0398 | 0.9238 | 0.9025 | 0.8730 | 0.8289 | 0.7636 | 0.5806
9003 L9971 9033 95376 9840 9708 . 9751 . 9679 . 0042 . 9687 . 9540 L9578 L0816 | 10904 | ...
9903 9970 . 9930 8870 . 9830 9783 9728 9637 . 9569 L9451 L9273 8928 L7922 L2046 | ...
hm0.045; (9)1=0.82; (q)2=0.8281; (¢)3=0.8288; (71) e44¢=0.8288
0.9889 0.9955 0.9804 | 0.9500 | 0.9737 | 0.9660 | 0.9567 | 0.9451 | 0.9307 | 0.912L | 0.8876 | 0.8537 | 0.8028 0.5105
9092 . 9068 9926 . 9864 9826 L9781 L9731 . 9853 . 0622 . Q574 . 9556 0620 | 1.0005 | ccceee | -eooe-
. 9992 . 8967 0022 . 8856 8811 . 9758 . 9695 . 9592 9516 9377 9154 . 8688 I3 S I R
h=0.050; (g0)1=0.80; (g)1=0.8100; (¢:)3=0.8110; (g0) s2aee=0.8109
0.9987 0.9948 0.9879 | 0.9772 | 0.9701 | 0.9613 | 0.857 | 0.9375 | 0.9210 | 0.8699 | 0.8720 0.7784 | 0.6785 | 0.4494
8991 . 0965 L9920 9854 . 8813 9766 9715 L9631 9610 L9573 . 9580 o716 | 102588 | oooa0 | oeaan
9991 . 9983 -9014 8841 6793 o734 . 0664 L8545 L9461 . 9298 . 9016 . 8395 6392 | cceen | eemnes
b=0.060; (7)1=0.76; (g)1=0.7744; (g3 =0.7761; (§1) exact=0.7759
0.9884 0.9935 09848 | 09712 | o0.0622 | o0.9512 | 0.9377 | 0.9211 | 0.0002 | 0.87386 | 0.8384 | 0.7895 | 0.7163 | 0.5913 | 0.3045
. 9090 . 8960 . 9909 . 98368 9702 L g744 . 9693 9645 . 0608 . 9604 . 9684 0084 | L0937 | oceon | aane.
. 9989 9957 9900 9818 9756 . 9686 . 96801 L0491 L8330 . 9105 . 8666 L7600 | L3984 | aeeel | eeen-
h=0.070; (g01=0.72; (g0)2=0.7396; (¢:)3==0.7423; (g} exaet=0.7419
)13 13 T 0. 9950 0. 9920 09812 | 0.0646 | 0.053¢4 | 06368 | 0.6232 | 00028 | 0.8772 | 0.8443 | 0.8010 | 0.7407 | 0.8507 | 0.4067 | 0.1436
Secon . 9989 . 0956 . 9001 L9824 L9779 9732 . 9687 . 9653 L9841 . 9689 0873 1.0307 11003 | —cece | eeeeee
. 9988 9951 9885 9786 9719 9637 9534 . 0396 9195 L8850 8181 . 6438 0822 | cececn | aeeee
A=0.080; (q:)1=0.68; (g)2=0.7056; (g)am0.7097; (1) exesr=0.7090
0. 9976 0. 9903 0.9773 | 09571 | 0.0436 | o0.9272 | 0.9071 | 0.8824 | 0.8513 | 0.8116 | 0.7581 | 0.6363 | 0.5773 | 0.3010 | 0.0305
.9988 9953 . 9895 . 9818 9775 . . 9700 . 9685 L9713 0833 | 1.0188 | 10976 | —cccon | cmeeee | cmeens
9956 .95 . 9871 .9758 . 9681 . 0585 L8439 9285 .9016 8537 L7515 AT | ceeen } e | e
Bm0.090; (g)1=0.64; (q)2=0.6724; (q)3=0.6782; (g1) evact=0.6771
First . ooovemiemmnnans 0.9972 09884 0.9728 | 0.9483 | 0.9326 | 0.9130 | 0.8800 | 0.8504 | 0.8223 | 0.7748 | 0.7121 | 0.6250
Secon 9088 . 9951 8593 8819 9782 9750 L9733 9749 L9831 | 1.0046 | 1.0552 | 1.1742
9985 . 9939 8857 9730 9642 . 9528 8375 L9152 L8790 L8118 L6611 2520
h==1.000; (g)1==0.60; (g)2=0.6400; (¢:)3:=0.6450; (90 szast=0.6162
0. 9968 0. 9863 | 0.9678 | 09303 | 0.9202 | 0.5069 | 0.5634 | 0.8333 | 0.7804 | 0.7331 | 0.6388 | 0.5855 | 0.4011 | 0.1372 | 0.4084
- 9988 -9951 - 9895 . 0829 . 8800 L9783 9791 L9848 1. 0000 1.0338 9517 S I R [ I
9084 L9033 .8843 . 9700 . 9599 L9464 9276 8990 L8504 L7559 277 S S IR R BT




TABLE V.— VALUES OF FLUID VELOCITY AS A FUNCTION OF STREAM MACH NUMBER FOR VARIOUS CONSTANT VALUES

THE FLOW OF A COMPRESSIBLE FLUID PAST A CIRCULAR ARC PROFILE

OF LOCAL MACH NUMBER

409

[4
\M 0.10 0.30 0.40 0. 50 0.60 0.70 0.80 0.90 1,00 (Zer) 1.05 1.10 1.15 1.20 bt
M\ 3 ) . e, . . . . (vacuum)
PN
0,10 1. 1, 99308 2. 97635 3. 84145 4. 88443 5. 80079 6. 68702 7. 8.35744 9.13783 9.51380 9. 88020 10. 23699 10. 58418
.20 . 60160 1. 00C00 1, 49263 1. 970662 2, 44951 2. 90907 3.35351 3.78125 4.19121 4. 58258 4.77112 4. 95487 5.13380 5.30791 11. 22487
.30 . 33698 . 66094 1, 00000 1.32428 1. 64109 1.94897 2.24673 2. 53331 80797 3.07017 3.196849 3. 31959 3.43047 3. 55612 7. 52034
.40 . 25371 . 50591 . 75614 1. 0000 1. 23925 1.47175 1. 69660 1. 91300 2. 12041 2. 31840 2. 41379 2. 50675 2.59728 2. 68538 5, 67891
.60 . 20474 . 40824 . 60036 . 80695 1. 00000 1.18762 1. 36006 1. 54369 1.71108 1 1. 4780 2. 02282 2.08588 2 1664 4, 53258
.60 L1730 L4374 . 51310 . 67047 .84203 1. 60000 1.15277 1, 20982 1. 44074 1. 67527 1. 64009 1. 70325 1. 78478 1.82461 3.85861
.70 . 14053 . 20819 . 44510 . 58042 . 75044 86747 1. 00000 1.12758 1. 24881 1.42273 1.47753 1. 53088 1. 58280 3.34725
.80 13263 L+ 20446 30474 . 52274 . 64780 . TE934 . 88688 1. 00000 1.10842 1.21192 1. 26178 1.31038 1.35769 1.40374 2. 96859
.00 . 11967 . 23858 . 35613 . 47161 . 58444 . 60409 .80013 . 90219 1. 00000 1. 09338 1.13836 1.18220 1. 22400 1. 26844 2, 67822
1,00 . 10045 21822 . 32571 43134 . 53453 . 63481 . 73179 . 82514 . 01460 1. 00000 1.04114 1.08124 1.12028 1.15828 2. 44949
1,05 . 10512 .31284 . 41428 . 51340 . 60972 . 70787 . 79253 .87845 . 96048 1. 06000 1. 03851 1. 07602 1.11251 35269
1,10 . 10119 . 20182 . 30125 . 30862 .46437 . 58711 . 67681 . 76314 .84588 .92488 . 96202 1. 00000 1.03611 1.07125 2. 28545
1,15 ., 09767 L1478 . 20074 . 38602 .47714 . 566685 . 656322 . 81639 .89262 . 92035 .88515 1. 60000 1.03391 2. 18600
1,20 . 0450 . 18839 .28121 .37238 . 46149 . 54808 . 63178 71238 . 78981 . 86335 . 89887 - 93348 . 96720 1, 00000 2.11478
1

TABLE VI.—VALUES OF CRITICAL STREAM MACH NUMBER

M,

A Approximation
First 8econd Third
Q.02 0.848 0.832 0. 825
.04 770 748 .738
.06 L7168 .682 .672
.08 .670 .628 .620
.10 .625 585 514

FOR VARIOUS VALUES OF CAMBER COEFFICIENT

TABLE VIIL—VALUES OF MAXIMUM VELOCITY FOR CORRESPONDING BUMP AND CIRCULAR ARC PROFILE

ez
M Camber coefficlent, & Thickness coefflclent, ¢
0.02 0.04 0.08 0.08 0.10 0, 052 0.100 0.145 0.186 0.228
0 1.0815 1.1659 12527 134156 1.0816 11660 12627 L3414 14320
.2 1.0834 11701 1, 2507 1.3520 1.0834 L1701 1 2505 L3513 1. 4454
.3 1.0859 L1759 1.26 1.3668 1.0859 L1767 1. 2689 13851 1 4641
.4 1. 0899 L1851 1, 28585 1.8913 10900 L1847 1.2840 1.3878 1.4950
.5 1, 0960 11997 L3 14324 L 0959 1.1988 13084 L4245 1. 5467
.8 1.1058 1.2239 1.3572 1 5078 1. 1052 12217 L3492 14870 16378
.7 L1223 12705 1.4530 1.6780 L1213 L 2640 L4208 1.6197
.8 L 16 13979 1,15867 13701
.0 L2055 | coceaee | memmeem | evmmeee- 11960

TABLE VIII.—VALUES OF THE COEFFICIEXNTS a,, @, a3, a;, AND a5 OBTAINED FROM EQUATION (25)

A ;] D G (0) G1(0) a az as a as

1] 1, 00000 [1] 8. 00000 —4. 00000 4. 00000 —4. 00000 —8. 00000 0
.1 . 00499 . 01010 8. 09648 -—4. 03077 4. 02018 . 04064 —4. 08129 ~7.90776 —~. 24568
.2 . 97880 . 04167 8.42740 -—4. 13336 4.08248 . 17085 —4. 34170 —7. 52224 —1. 05994
.3 . 063 . 08800 9. 14838 —4. 34613 4. 16312 41907 —4.83814 —~48. 56184 -2 73342
.4 . 01662 19048 10. 67678 —4. 77008 4. 36432 84000 -&. 69500 —4. 18200 —6.03824
.45 . 80303 . 25392 12. 04762 —~5.13375 4. 47012 117042 —8. 34085 —1.83778 —8. 86482
. 50 . 86603 . 33333 14. 17091 —b5. 68239 4.61878 1. 80000 —7. 20000 2. 02300 —13.12718
.56 . 83518 . 43369 17. 63525 54500 4. 78982 2.18617 —8. 37234 8. 50476 —18. 84720
,60 . . 56250 23. 53305 ~7. 97811 5. 00000 3 —10. 01875 20. 30732 —31. 02488
.05 .7 . 73160 34.27894 -—10. 51508 8. 20364 4.21097 —12, 42194 42, 46800 -50. 90758
.70 . 71414 . 55. 59189 —15. 40352 5.60116 8. -—16.11711 87. 93708 —88. 30792
TR . 68144 1. 28571 102. 96868 —25. 03794 6. 04740 9. 11016 —22, 22032 102. 276840 —172. 73058
.80 . 60000 L77778 228. 68292 —52. 51419 6. 66667 14. 69630 —33. 39280 4732848 -—383. 81688
.85 , 52078 2. 60360 640. 44054 -—187. 91532 7. 50332 24, 68336 —57. 36672 1443. 289 —1064. 5217
.00 . 43589 4.26316 2770. 25502 —558. 9. 17684 60. 67151 —125. 34302 6628, 288
.95 . 31225 0. 25641 33380. 52469 —6230. 9282 12, 81024 242, 66034 . 32067 83648. 05 —49701. 19




410 REPORT NO. 794—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TABLE IX.—VELOCITY DISTRIBUTION AT UPPER AND LOWER SURFACES OF CIRCULAR ARC PROFILE, h=0.05

q
Upper surface Lower surface
\. M
:\\ 0 03 05 0.7 0 03 0.5 0.7
1 0. 9900 0.8890 0. 9860 0.9749 0. 9900 0. 9890 0. 8860 0. 9749
.95 1.0541 1.0566 10604 1.0638 .9208 . 9260 L9187 . 0016
.90 1.0805 1.0842 1.0920 1.1061 -9071 -9029 .8742
.80 1.1168 1.122% 1.1361 1.1680 8778 8727 .8818
.70 1.1428 1.1502 1.1688 1.2161 .8581 8624 .8188
.60 1.1620 1.1714 1.1934 1.2553 .8438 .8376 8247 7976
.50 1.1773 1.1880 1-2132 1.2874 §:2>74 . .8128 L7833
.40 1.1892 1.2008 1. 2287 1.3130 8344 .8178 . 8038 .T721
.30 1.1980 1.2104 1.2403 1.3327 L8184 -B116 7972 .7637
.20 1.2043 L7 1.2484 1.3468 .8142 i 7997 7579
.10 1.2078 1.2310 1.2532 1.3540 -8118 ~8049 .7900 L7644
0 1.2090 1.2223 1.2518 1.3577 ~8110 .8040 7892 L7632

TABLE X.—CONVERSION FROM FLUID VELOCITY ¢ TO PRESSURE COEFFICIENT Cj, a1, FOR VARIOUS VALUES OF STREAM
MACH NUMBER M,

Cy, x,
Afy
0 0.1 0.2 0.3 0.4 0.45 0.50 0.55 0.60 0.85 0.70 0.75 0.80 0.85 0.90 0.06
q
0.25 0.9375 | 0.93971 | 0.94632 | 0.95743 | 0.97318 | 0.68285 | 0.09373 | 1.00387 1.01929 1. 03405 1.05017 1.06770 1.08669 1.10719 1. 12026 1.15203
. . 9100 . 91200 . 91838 92879 . 94361 -95270 - 96204 - 97438 . 98699 1.00088 1.01601 1.03249 1.05032 1. 06057 1.00027 1.11260
.35 8775 8743 . 88525 . 88403 . 90873 .91719 . 92660 93729 . 84001 . 96188 .97682 .00119 1.00772 1. 02564 1. 04464 1.08520
.40 . 8400 . 84186 84707 . 85600 . 86861 . 87633 . 88503 80473 . 90544 91720 . 93003 . 84307 . 95004 97530 .99277 1.01150
45 7975 .Te914 . 50386 . 81190 82327 . 83022 . 83805 84677 . 85840 . 86697 . 87848 . 80100 . 90452 . 81909 L O3474 . 95151
. 7500 . 75143 . 75564 . 76275 . . 77801 . 78582 . 78351 - 80200 . 81131 . 832146 .83247 . 84437 .85718 . 87093 . 88685
. 6975 . . 70239 . 70851 71718 T248 .T2844 . 73508 . 74239 75041 . 75015 . 76863 . 77885 . 78088 . 80166 81420
.60 .64 . 64100 . . 64927 . 85655 . 66100 - 66601 .87157 67772 . 68444 .69176 . 6906 ¢ . 70825 JT1744 72730 LT3783
.65 5775 . 57829 . 58088 . 58503 . 50006 - 59450 . 58865 . 60317 . 60814 . 61360 -61952 . 62504 .63286 . 64028 . 1823 . 05072
.70 . 5100 - 51071 . 51281 . 51587 . 52049 . 52330 - 52047 . 52997 53384 . 53807 . 54266 54763 . 55298 . 85873 . 68487 87142
.75 .4375 - 43800 .43043 44183 . 44521 .44728 . 44959 45217 - 435500 .45810 . 46145 -46509 . 46800 .47318 .47785 48241
.80 <3600 - 36029 .36129 . . 36521 . 36679 -36817 . 36901 .37181 . 37390 -37616 .37860 .38122 . 38402 . 38701 30020
.85 2775 277 27825 . 27024 - 28060 . 28143 - - . 28450 . 28573 - 28706 . 20160 20345 . 20631
-0 .1900 . 19014 .19038 . 19081 .19145 .19184 . 19227 19276 .19327 .19384 .19446 19513 19585 10061 . 19742 19829
.96 .0975 09787 . 09761 . 08771 .09788 . . . 09822 . . 09851 . 09867 09003 . Nyt
1.00 0 0 ] 1} 0 0 0
1.05| —.1025 | —.10243 | —.10239 [ —.10225 | —.10208 | —.10197 | —.10185 | —. 10170 [ —.101%6 —.10139 —.10122 | —.10103 —. 10083 ~. 10001 —. 10030 —. 10015
.10 | —.2100 | —. - - —. 20824 | —. 20777 | —. - - —-. —. - —. 20304 —.20216 | —.20122 | -
116} —.3225 | —. —.32146 | —.32016 | —.31836 | —.31728 | —.31603 | —.31471 —.31325 | —.31168 | —.300006 | —.30813 —. 30020 —. 304156 —.30198 —. 20071
120 | —.4400 | —. —.43807 | —.43565 | —.43230 | —.43020 | —. 42503 | —. 425655 | —.42285 | —.41093 —. 41670 | —. 4145 | -. ~. 40613 —.40218 | —.30804
125 -—. —. 58171 | —.55932 | —.58541 | —. 54988 | —. —. 54300 | —. —. 53460 —. 52987 —. 52480 | —.5I140 —. 51868 | ~—.50705 —. 50131 —. 49160
1.30 | —. - —.68525 | —.67 —.67117 | —. —.06075.] —. 65474 | —.64821 —. 64117 —. 63363 —. 02562 | —.61715 | ~.00824 —. 50800 | —.58018
1.36 | -—. —.82086 | —.81576 | —.80740 | —.7 - —. 78108 | —. —. 76340 | —.75350 —. 74203 —. 73171 —. 71088 | —. 70746 | —.60448 1 —.
L40 | —. —. 95767 | —. 95082 | —. 93044 | —.0237 —. 01425 | —.00378 | —.89231 —~.87990 | —.86650 | —.86235 | -—.83730 —.82146 | —.80488 —. 78700 —. 76008
1.45 | —1.1025 |—1.09943 |—1.09039 |—1.07543 |—1.05473 |—1.04233 |—1.02861 {—1.01362 | —.09740 | —.08002 | —.96153 —. 94200 —.02150 | ~—.00008 —. 87784 —.85186
1.50 | —1.2500 |—1.24614 |—1.23446 [—L 21524 |—-1.18876 |—1.17289 |[—1.16537 |—1.13626 | —1.115663 | —1.09350 | —1.07014 | —1.04545 | —1.01959 —.00208 | —.00450 —. 43008
1.55 | —1.4025 |—1.39757 |—1.38293 |—1.35878 |—1.32558 |—~1.30573 |—1.28383 [—1.25004 | —1.23420 | —1.20886 | —1.17781 | —1.14727 | —1.11838 | —1.08220 | —1.04811 | —1.0130%
1.60 | ~1.5600 [—1.55386 |—1.53582 |—1.50602 |—1.48507 {—1.44086 |—1.41377 |—1.3845¢4 | ~1.35310 | —1.31061 | —1.28423 | —1.24713 | —1.20851 | —1.16866 | —1.12745 | —1.085642
1.65 | —~1.7225 |—1.71500 |—1.68304 [—1.65878 {—1.60708 [—1.57748 (—1.54406 |—1.60965 | ~1.47177 | —1.43149 | —1.38000 | —1.34460 | —1.2086¢ | —1.251156 | —1.20250 | —1.15206
1.70 | —1.8800 [—1.88100 [—1.85454 |—1.81098 [—1.75140 |—1.71601 |—1.67717 |—1.63508 | —1.50001 | —1.54231 | —1.40199 | —1.43062 | —1.38645 | —1.32080 | —1.27301 | ~1.21544
1,75 | —2.0625 |—2. 05188 |—2.02029 |—1.96850 |—1.89791 |—1.85604 |—1.81016 |—1.76067 | —1.70754 | —1.65147 | —1.50270 | —1.53163 | —1.46867 | —1.40423 | —1.33876 | —1.27271




